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Al  BLTICIPATIIOH  OF  STOKE' S  SOLDflOH*  FOR 
A  gfrttgtLT  XAWIBC  SUPKHSOH3C  COBS 

By 

Gr.  B.  V.  Young 


atom's  solution  for  a  sllgrtly  yawing  supersoalo  oone  takes  advantage  of 
tbs  fast  that  tbs  differential  aquations  (aquation  of  notion,  equation  of  con¬ 
tinuity,  ate.)  to  be  solved  far  flow  over  a  slightly  yawing  cons  are  identical 
with  tbs  differential  aquations  that  mast  he  solved  for  flew  over  a  non-yaw 
eons  with  snail  hut  finite  v-otinpenents  at  velocity  caused  hy  external  forces. 
This  Identity  implies  that  any  solution  obtained  for  the  second  problem  oust 
ha  applicable  to  the  first  flow  problem  provided  the  boundary  conditions  were 
properly  oboe  on. 

With  the  aid  of  the  known  solution  (presented  by  Taylor  and  Maocoll)  for 
flow  over  a  non-yaw  oone  with  zero  v-oomponents  of  velocity,  the  solution  for 
tbs  flow  field  about  a  non-yaw  cone  with  small  v-oomponsnte  of  velocity  can  be 
approximated  as  follows.  Since  the  latter  flow  approaches  the  former  flow 
field  as  the  finite  v-oompononts  of  velocity  tend  to  zero,  one  can  postulate 
tbat  far  ssmll  v-oanponsnts  of  veloolty,  the  solution  far  the  flaw  field  with 
finite  v-oonpeenents  of  veloolty  is  equal  to  the  solution  for  the  flow  field 
with  zero  v-camponemto  of  veloolty  plus  a  deviation  resulting  from  the  presence 
of  tbs  finite  but  snail  v-oemponsnta  of  velocity. 

lbs  contributions  of  8tcns,  then,  are  a  proper  choice  of  the  boundary  con¬ 
ditions  and  tbs  evaluation  of  tbs  deviations  Mentioned.  Typical  flow  fields 


*8tom,  A.  S.|  ^Phe  Aerodynamics  of  a  Slightly  Tawing  Supersonic  Cone",  BBC 
lo.  A-358,  06BD  So.  6306,  July  10,  19*5. 


for  flow  over  a  nan-yaw  eons  with  zero  v-ecnpaaente  of  velocity,  for  flow  over 


a  non-yaw  oone  with  finite  v-oanponente  of  velocity  and.  for  flow  over  a  yawing 
eons  are  presented  la  Figs.  1,  2  and  3  at  a  Mach  amber  of  3.1617  for  a  oone 
with  a  half  angle  of  30  degrees  (for  0  »  0°,  180°). 

Thus  Stone's  solution  includes  the  following  three  basic  steps: 

(a)  The  solution  of  Taylor  and  Maoooll  for  the  fluid  properties  of  non-yaw 
notion  Is  assuned  to  be  o correct.  The  differential  equations  describing  non¬ 


yaw  notion  with  aero  w-oonponents  of  voloolty  are: 


1.  The  equations  of  notion 


S'  -  1 


?■  ■  -  S'  (1  + 


2 


The  continuity  equation 


u"  +  [cot  0  +  (lnp)‘J  u‘  +  25  »  0 

3.  The  equation  of  state 
In  P  -  ylnip  ■  content. 

The  boundary  conditions  far  non-yav  notion  vith  zero  wocmpanants  of  velocity, 
ref  erring  to  Diagram  I,  are: 

at  0  ■  v  -  u*  ■  0 

at  0  a  0V,  u  =  U  ooe  0 

Up^  sin  0  +*p  v  =  0 

P  -  Pj_  -  TJPX  sin  0  (v  +  U  sin  0) 

U2  ain?  0  a  C  T  ~  A 1  Pl.t  JLI-+J:)  1. 

2Px 

where  the  bars  denote  the  Taylor  and  Maoooll's  or  non-yaw  solution  with  zero 
v-ccnponente  of  velocity,  the  suhsorlpts  1  denote  free  stream  oanditions  and 
the  primes  denote  differentiation  with  respect  to  0. 

(b)  A  problem  of  flow  about  a  non-yaw  oone  with  email  v-oanponants  of  velocity 
is  sat  up  with  boundary  eendltlona  that  will  have  phyaioal  meaning  upon  appli¬ 
cation  to  the  flow  over  a  yawing  cone.  The  differential  equations  describing 
non-year  motion  with  email  v -components  of  vsloolty  In  tbs  region  between  0y  to 


*  s 


/Jt<  ooe  n  $  +  ala  n  4 


DUktcto  n 


1.  The  aquations  cxf  notion 


a*  =  ▼ 


7-  -  -  a'  (a  +  u") 


rsirs  %  -  -  (w+^<>ot  0) 


2.  Tbe  continuity  aquation 


u*  (lap)'  4-  2a  +  ▼  oot  0  ■».  ▼»  ■»•  w 


3.  Tka  aquation  of  state 


la  P  -  YlBp  m  t  (€,  4) 
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Referring  to 
flow  o w  a 


H,  €  la  the  yaw  eaagl*  of  the  coots* pooling  problem  of 
■*  \  *  ^  (<^  eoa  n  4  +  Alston  the  shook 


front.  The  boundary  eondltloaa  for  non- yaw  notion  vith  non  v-oaupanante 
of  vwloolty  are  obtained  In  the  following  wanner.  At  the  oane  surface 
(•  -  ea)  the  values  of  v^  and  v£  |» 


*U 


mat  satisfy  the  relation 


wv  +  ri  eooe  i  •  0 

*e  *« 


Thla  iirpreeel on  atatea  that  the  normal  rslooltlee  on  a  oane  surface  of  %  +  f  ooe  $ 

9 

are  equal  to  com.  Thla  oane  surfSee  (6B  +  eooe  4)  describee  a  cone  jewed  at 
an  angle  of  £  with  r«ep«ct  to  the  free  atreeai  axle.  Similarly  at  the  shook  wave 
surface  (e  -  S^},  the  fluid  properties  (u,  r,  etc.)  and  their  derivatives  (with 
respect  to  a)  are  related  la  such  a  that  the  Ranklne-Hugonlot  equations 

are  satisfied  at  the  surfaoe  given  by 


•w 


4  +  sin  n  4)* 


This  surface  will  be  shown  later  to  be  the  shook  wave  surfaoe  about  a  slightly 


lew,  the  w-oonponwate  of  vwloolty  that  are  of  oanoesn,  In  the  present 
problem,  are  equivalent  to  those  eaneed  by  a  wall  yaw  angle  In  the  flow  about 
a  yawing  eons.  Sines  w  and  €  era  of  the  sane  order  of  negotltude  one  oaa 
postulate  that  the  fluid  properties  about  a  non-yaw  oane  with  nwil.1  w-ocnpoMnta 
of  vwloolty  are  related  to  the  fluid  properties  about  a  non-yaw  oane  with  taro 
■  mnjiiennts  of  velocity  as  fellow: 


U*  "  \  *  *  f IX  +  fSflM 


♦ 


•  e  •  e 


•  6  • 


%  -  %  *  <fai  ♦  *  ‘*fas 


v.  ■  *»  ♦  <fji  ♦  ♦  «*, 


•  ?0  +  <f4l  +  <2f48  *  ‘^41  •••• 


pe  "  pe  +  <fs»  *  <afas  +  t>f»s  •••• 


the  f’e  an  fnotlon  of  Tbs  funotiono  fa  are  analytic  and  periodic 


and  tkua  ooold  be  expend  ad  Into  Fourier  Series.  Neglecting  the  higher  order 
€*e  (€a,f9,  ete.)#  than 

^  ■  Oq  ♦  €  (x^  ooe  n  ^  ♦  Xjj  sin  n 

T«  •  ?e  +  €  ^  (;o  °°«  a  ^  In  aln  n 

*  *  e  £  (z-  ooe  a  i>  +  zn  sin  n  jf) 

P#  -  ♦  €  ^  (nft  ooe  a  0  •*•  Hn  sin  a  0) 

Pe  -  P0  ♦  ($a  ooe  a  i  ♦  ^  sin  a  0) 


The  coefficients  are  eraluated  by  substituting  these  exporeeslana  Into  the 
differential  equations  and  the  bonder?  condition  relationships .  Thus  the 


fluid  properties  of  flov  about  a 


oona  vith  finite  but 


of  raloolty  are  obtained.  This  flov  field  vlll  be  dselgsated  as 


flov  field 


It  has  no 


.  It  only 
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aaiTM  as  aa  latasaadlata  atap  in  tha  dataralmtion  of  flow  about  a  yawing  ootm. 

(a)  fka  laat  atap  of  Stona'a  solution  la  tha  applleatlon  of  tha  raaulta  obtained 
for  tha  flow  paat  a  neat- yaw  ooaa  with  — 1]  a  nraquwrta  of  walooity  to  tha 
profclau  of  flow  about  a  yawing  oooa.  It  haa  baa  ant  load  that  tha  dlffazwntlal 


aquatlcae  daaorlMng  thaaa  two  proM  —  ara  Identical.  Tharafora  tha  raaulta 
obtalaad  for  tha  fluid  propartlaa  In  Step  (b)  any  ba  uaad  la  tha  regie*  batwaao 
§v  ad  Cg  In  Dlagra  m.  lovawar,  tha  direct  t wafer  of  tha  raaulta  ha  no 
phyaleul  waning  da  to  the  wwar  la  which  tha  bown&ary  coadltloaa  ware  ohoaoa 


la  Slap  (b);  that  la,  tha  fluid  paopertlae,  u^#  w#,  w#l  P§#  and  ^ 
fluid  propartla  for  tha  flow  about  a  yacwla  oona. 
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The  bonder?  ooodltlooe  require  that  »t  «(  +  (  ooe  the  faring  cane 
surface,  the  nossn 1  valooltlw  be  *ero  aaad  at  »y  ♦  €  ^  (o^  ooe  n  0  ♦  ^  ein  n  j 
the  (bosk  ware  surfene,  the  Pwatine  Wngnniot  conditions  be  satisfied.  Theee 
botmdary  oondltlona  oan  only  be  eatlefled  dee  the  fluid  properties  ere  evaluated 
as  fellow! 

«r  '  >  .(oo.  <)'  H**i  £«*< 

Tr  '  T»  *  Te  * 

vr  •  ^  *«*v.  t0“  * 

pr  -  P.*Pi  €~  * 

“r  '  $  »|m  rfV  *  p»  £p0*  * 

In  theee  axprssalona,  the  variables,  u^,  vg,  v£,  eto.,  satisfy  the  nutual 
differential  equations,  than  u^,  eto.,  also  satisfy  the  nutual  differential 
equations  Sue  to  the  u*— f»  In  vhieh  the  boundary  ooodltlons  sure  ohoeen  In 
Stop  (b),  the  fluid  properties  u^  eto.,  also  satisfy  the  boundary  oosdltlans 
epeolflsd  by  the  problw  of  flow  past  a  eupsreonlo  yawing  oooa. 

In  brief,  thw,  the  usthod  of  Stone  eaoslste  of  the  evaluation  of  the 
deviations  of  the  fluid  properties  for  non-year  notion  with  wall  w's  frcn  the 
flald  propertlw  for  nan  year  notion  with  aero  w*e  end  the  calculation  of  the 
fluid  propertlw  for  yawing  notion  by  the  rotation  of  esoh  ocnloal  eurfnoe  a a 
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The  snared  aquation*  of  ataady  notion  for  ttiree  dln—lonal  flow  In 
ajhagloal  ooordlnataa,  neglecting  the  offaota  of  rlaooalty,  are 

* « *  f  *  rrar?  <«  ••*«»»•)  =o 

« 5 ♦  f  1? ♦  rvihri $ *  r- <® 4 " cot 9)  • 0 


The  aquation  of  continuity  la 


■jj;  (p  r2  n  aln  e)  ♦  (p  r  ▼  aln  (p  r  w) 


The  aquation  of  atata  for  steady  notion  and  upon  the  poatulatlan  that  the 
flow  la  adiabatic  along  each  atreanllne  la 


share  the  atreanllne  direction  la  glran  by 


&  .  ZJLS 

a  ▼ 


12.  42  .J 

p  dp  a 


dr  ♦  -si  d®  ♦ 
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I 


ar 


t  3P 


v  jP 

£  gjaJJE 

v  dp 

r  sin  6  djp 


(3) 


Equations  (1),  (2)  and  (3)  must  be  satisfied  for  any  three  dimensional,  steady 
state  fluid  motion  where  viscosity  ©an  be  neglected. 

For  non-yaw  flow  about  a  ©one  these  equations  were  simplified  and  solved 
by  Taylor  and  Maoooll  for  the  region  between  the  shock  wave  and  the  cone .  The 
simplification  was  made  by  postulating  that  the  fluid  properties  do  not  change 
along  any  radius  element  emanating  frtn  the  vertex  of  the  cone  and  that  the  v- 
oonponent  of  velocity  is  zero.  Thus  the  equations  of  motion  (1)  become, 


TP  =  v  (k) 

(5) 

(6) 


-X-  ■  -  u'  (u  +  u") 

0  »  0 


the  continuity  equation  bee  ernes 

u"  +  [oot  ©  +  (In  p)»  J  u*  +  25  -  0  (7) 

and  the  equation  of  state  beocnes 


constant 


or 


In  F  -  y  la  p  ■  oonstsnt 


(8a) 


(8b) 


I 


X 
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■where  the  "barred  letters,  Mr  etc.  are  used  to  refer  to  the  non-yaw  case,  and 
the  prime b  denote  differentiation  with  respect  to  9.  The  "boundary  conditions 
•aployed  by  Taylor  and  Maccoll  are: 

when  0  «  9  ,  v  =*  u'  *  0 
when  0  ■  0^,  u  »  U  ooe  0 

Up  sin  0  +  pv  =■  0  (9) 

i 

P  -  P1  *  Up^  sin  0  (v  +  TJ  sin  0) 

sin2  0  =■  (r-i)P1  +(r+i) 

where  §s  denotes  the  cone  surface^  ©^denotes  the  shook  ware;  U,  the  free  stream 
velocity,  and  the  subscripts  1  denote  free  stream  conditions . 

In  the  ease  of  flow  past  a  yawed  cone  the  postulation  of  the  non-variance 
of  the  fluid  properties  along  r  may  still  be  used,  but  the  v-ooaponent  of  the 
velooity  cannot  be  ssstesed  zero.  Stone,  following  the  work  of  Karush  and 
Crltohf  laid,  postulated  that  v  and  the  variation  of  fluid  properties  In  the  w 
(or  i)  direction  are  of  the  order  of  magnitude  of  the  yaw  angle,  €  ,  and  that  for 
■ntfrfciy  yawing  oot»s  (—ill  £  ),  the  tsxns  In  the  shove  equations  of  the  order 
of  aagsltvOe  of  € 2  or  higher  oan  be  neglected.  The  resulting  equations  are: 
Equations  of  notion 


u»  -  V 

(10) 

—  -  -  tt*  (u  +  tt") 

(li) 

■■  41  -  45  •  *  (tor  +vw  cot  0) 

p  sin  0  df  ' 


(12) 
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The  continuity  equation, 

u*  (in  p  )*  ♦  2a  +  r  cot  0  +  r*  +  v  -2S&-S  -+  esc  .  o  (13) 

The  equation  of  state, 

dP 

yp  ae 

P  -  _ag_ 

ae 

1  dp  Y  dp 

or  T3e  "  p3e 
integrating  with.  0, 

in  P  -  yin  p  »  f  (  €  ,  0)  (14) 

(notice  that  f  ie  independent  of  0) 

The  fluid  properties  in  the  region  between  the  Shook  ware  and  the  cone  for 
a  slightly  yawing  cone  met  satisfy  these  equations  (Eqs.  10  to  14).  At  this 
point  one  net  reraeoher  that  these  equations  do  not  demand  the  existence  of  a 
yawing  oaae.  These  equations  can  also  describe  the  flew  about  a  non-yaw  cone 
with  finite  v-ccwponent  of  Telocity  caused  by  external  forces .  The  Magnitude 
of  v  cannot,  however,  exseed  the  v  resulting  from  flow  past  a  slightly  yawing 
eons. 

Due  to  the  caaplexity  of  these  equations,  Stone,  also  Karueh  and  Critoh- 
field,  took  advantage  of  the  solution  of  Taylor  and  Maoooll  for  non-yaw  notion 
and  obtained  a  solution  to  these  equations,  which  yield  an  Innginary  flow  field 
about  a  non-yaw  eons  with  finite  v'a.  Than  the  Imaginary  flow  field  is  rotated 
to  give  the  appreadaate  flew  field  of  fluid  notion  pest  a  yawed  oaae. 
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The  imaginary  flow  field  Is  obtained  la  the  following  Manner.  8inoe  the 
fluid  properties  of  the  imaginary  flow  field  must  degenerate  to  the  solution 
of  Taylor  and  Maoeoll  as  v  approaches  aero,  the  equivalent  of  e  approaches 
zero,  aad  the  deviation  free,  the  solution  of  Taylor  and  Maoeoll  is  snail  for 
aoall  wo r  £  ,  Stone  postulated  that 

u  ■  u  +  <  f  x 

▼  «  ▼  +  £  f 2 

W  -  W  +€f 3 

P  «  p+€f^ 

P  -  P  +  £fs 


For  mall  v  or  6  ,  the  functions,  f  *s,  are  only  a  function  of  jrf  and  are  periodic 
and  thus  can  he  expanded  into  Fourier's  Series  (notice  that  terse  of  ec  and  higher 
axe  neglected).  That  is 


Die  "boundary  oandltioos  of  the  Imaginary  flow  field  are  such  that  upon 

rotation  of  the  Imaginary  flow  field,  the  flaw  suet  eatlafy  the  requirements 

that  at  the  yawed  cone  surface  the  aone&l  Telocity  Is  to  he  zero,  and  at  the 

ahoek  wave,  the  standard  Ranklne-Bugoniot  shook  ooodltlone  are  to  he  obeyed. 

Let  the  eruboarlpt  r  denote  the  rotated  Imaginary  flew  field, 

then  a  point  an  the  surface  of  the  yawed  oone  in  the  rotated  field  is  ©r  = 

8 

•  ♦  € eoe  4.  The  normal  Telocity  at  ©  is  ▼  +  tv  oec  ©  sin  4  •  Since 

■  rs  rs 

e  v^O,  then  ▼  most  he  zero.  The  Tains  of  Tr  is  also  tb  +  tJ  €  oos  4, 
rs  B 

therefore  from  1%.  (1?) 
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I 


therefore  vbto  ®  -  the  oooe  surface  In  the  laaglnary  flow  field  (elaoe 

▼,  -  0), 

€  V~  (yn  ooe  n  f)  +  ▼»  6  ooe  0  -  0  (16) 

srO 


neglecting  the  62  tense .  Or,  equating  like  ooeffioiente 

yft  -  o  if  n  ^  1 

Since,  from  Eqe.  (7)  and  (9),  ▼*  »  u*  -  -  2u  at  6  ,  theca  at 

B 


(17) 


•  a  »,#  y,  -  2  €  vu  (lfl) 

■ 

13m  shook  wave  houndary  condition  is  also  evaluated  in  the  rotated  field. 
Here  a  point  on  the  shook  ware  surface  is  given  hy 

% 

QD 

©r  ■  «v  +  €  (aa  ooe  a  ^  sin  n  <f>) 

The  argusMcts  for  this  approximation  are,  as  before,  that  for  small  ohsngss  In 
€  ,  the  Change  of  the  shook  wave  position  is  a  function  of  €  and  Neglecting 
€s  tea—  and  since  the  function  of  ^  la  periodic,  the  above  equation  is  Justi¬ 
fied.  Due  to  sj— otiy 

0„  -0+6  a  eos  n  i  (19) 

rw  n 

At  the  *Mk  UK—  In  the  vs— ted  field,  Hie  H1rt—  Wsigilnt  «t— ■  0—  — 


1 
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* 

i 


00 

at  8y  ■  9y  +  £^>2  «n  eoe  n  j> 
"  o 


Continuous 
Tangential 
Velocitia 


(U  eoe  %r  ,  -  U  sin  8^  ,  0)  •  (1,  0,  0)  -(u,  ▼,  v)Q*  (1,  o,  o) 


ao 

(TJ  sos  »r  ,  •  IT  sin  ©r  ,0)*  (o,  -  oso  8  •  eS~  a  a  sin  n  i,  1) 

"  "  V  o 


(u,  T,  V).  •  (1,  0,  0) 


(20) 


P1  ri  -  P2  r2 


(continuity) 


p2  ‘  ?i  +  Pi  ri  (*s  ~  rt)  -  0  (impulse) 


2  Y  +  1 


2  a? 

•—  +  -  1)  r 

i 


(energy) 


the  subscripts  1  end  2  refer  to  the  two  sides  of  the  shook  wave  (side  1 

e 

facing  the  undisturbed  uniform  air  stream),  a1  is  the  undisturbed  sound  velocity 


(so  that  a*  -  — ),  and 

i 

oo 

r.  -  (TJ  eos  8  ,  **  TJ  sin  8  ,  0)  (0,  1,  oso  8  •  (Vna  sin  i) 

rv  rw  rv  V-  n 


and 


r2  -  (»»  t»  »)  (0,  1,  «eo  »r  •  n  an  «Ib  b  i) 


(Varnal  ) 
)  Velooitlee f 


V  ■  V. 
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w  -  v  -  v  +  v*  QL  a  i  ,  «to. 

W  Y  y  Q  •* 


Substituting  the  value©  of  rx,  ra,  u,  ▼,  v,  ©to.  Into  Eq.  (20),  tbs  tonus  that 
do  not  vanish  vith  £  sill  oanoel,  sines  the  non- yaw  solution  I,  7,  ate.  satlafie 
the  sass  boundary  eondltlaa  (20)  vith  e  »  0.  The  ooefflciente  of  oos  a  0  oan 
then  he  equated,  than. 


e  -  S 


a*  -  -  C»a  (u*  ♦  U  sin  §v) 

z  sin  »  «  n  a  (f-  +  U  sin  ©  ) 
u  v  n  v  v 


M- 


▼„  oos  +  V  *  ♦  ▼_ 

w  » 


(Onp)1  ♦  yn  +  ?n  ■**  "0 


(* 


+  vf  +  ▼  oot  ©  +  2 


TJ  cos  ©  ^ 


+  y  +  r — **■ — 

©  r©  T© 
V  v  V 


2  af  oot 


(  y*  i)u  sin  e. 


TTi 


U  oos  ©. 


0 


To  simplify  Eq.  (21),  the  properties  given  by  Eqe.  4,  5,  7  end  9  of  the  non-yenr 
solutions  vers  used.  Further,  sines  it  Is  easily  seen  that  +  XJ  sin  ©y  can¬ 
not  be  sero,  the  first  of  Eq.  21  oan  be  used  to  eliminate  from  the  others. 
The  resulting  simplified  equation©  are 


(22) 


-  18  - 


Upon  examination  at  E4*.  17  and  22,  it  la  soon  that  the  coefficient*  a  .  x  , 

n  n 

*n*  *n*  r,n  **•  fuDotlo®B  of  Jn  that  jx  Is  finite  hut  yR  for  n  ^  1  1b 
zero.  Therefore  only  a1#  xx,  zx,  Jl  exist.  At  this  point  the  subscript 

la  dropped. 

Thus  the  solutlana  to  the  Eqs .  10  to  14  In  the  Imaginary  flow  field  are 
u  «  u  +  ex  oom  $ 

▼  -  ▼  ♦  6  y  oca  i 

n  -  €  *  ala  i  (23) 

P  ■  P  +  €  T|  00*  i 
Pape  £  §  00a  0 


Or  la  the  yod  ocaa  floe  field  vhare  ©  - 

than  u  •  u  ♦  «•  t  00a  0 

r 

▼r  too©  0 

*f  »f  ♦»’  «  OO*  0 
?f  •?♦**  «OOI  * 

Py  •  p  ♦  p*  €  oca  ^ 


(S*) 


©  +  £  eoa  0 
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Row  the  Eqs.  (23)  are  substituted  In  Eqa.  10  to  14  in  order  to  evaluate  x, 
and  once  x  is  know,  the  coefficients  y,  t,  n ,  £,  end  a  imedlately  follow 
tram.  Eqe.  22.  The  substitution  yields  (since  the  terse  that  do  not  vanish 
with  €  suet  eaneel,  for  u,  v,  eto satisfy  the  equations  of  notion  with 
€  ■  0  (or  w  «  0)) . 


y  -  x'  (thus  y'  =  x") 

6'  y’  *>  (u*  +  u)  y  +  u*  x  +  ^  «  o 

y'  +  y  Toot  0  +  (lnp  ) *  1  +  2x  +  z  ose  0  +  v  *  o 


(25) 


The  last  expression  is  obtained  frosi  the  equation  of  state  (it)  which  le 
In  P  +  Tin p  •  f  (  e  ,  0) 


Since  In  P  -  In  p  «  constant,  following  the  earlier  reasoning  for  expansion 
into  Fourier's  Series,  then 


lay 


Y  In  -§• 

P 


dn  cos  n  $  +  sin  j£ 


*  €  dA  oos  0 

■  €  d  oos  i  (dropping  the  subscript) 
Upon  substitution  fron  Eq.  (23) 

la  I It, -LAMP  ?  .  Tia  ?  t  foiSLi.  ,  c  d  oos  i 


1 


r 
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whloh  la  equivalent  to  (neglectii^  terms  of  es,  etc.) 

*AfsU .  HusaJ  . 


and  thus 


*-**  - 


Equations  (25)  oan  nov  to  combined  to  yield  a  single  equation  of  x, 
x"  ♦  X*  ^  cot  e  +  \  [aa  +  3u  cot  e  +  (  Y  +  l)  \ u*  (u  +  u*  oot  0)]  J 

♦  *  £  1  “  cot?  0  ♦  1  [-  u*  oot?  0  ♦  ( y  -  1)  \  u  (u  +  u'  oot  0 )]  |  (26) 

e 

♦  ---fl  S'?  sin  0  (1  ♦  ^1')  cae2  0  •  y* 


r.d  9 


u’  I  u'  7  Bln  0 


X  • 


(T  -!)(•■  -*)  -  (y*  l)  I'* 


(27) 


+  •  +  *7$ I 


tlana  18  ■*  28 


tan  0 


4-  - 

p  i*  ♦  U  ala  0 


(28) 


.1 

A  i  f 


(u'  ♦  0  ala  0)® 


0  •  • 


21 


x*  -  21  (29) 

For  the  aetoal  ocnpvbatlon,  it  la  preferable  to  vorfc  vltta  nanrtlune  local 
quantities .  Thua  Eg.  26  la  o banged  a a  foil ova: 

x*  ♦  Bx  x'  ♦  Ba  x  ♦  B,  ad  -  0  (30) 


r 

I 


Ba  ■  oot  8  +  X  |2  8+  3' oot  8*(y  ♦  1)  Xu*  (u  +  u*  oot  8)] 

B0  ■  1  -  oot^  ®  +  X  j-  u’  oot*  8  +  (  •,  -  1)  Xu  (u  +  u*  oot  a)] 

8 

B«  a  — i-r 
"3  T  -  1 

Sqmtloca  30  and  26  ore  aolred  for  ^  .  Equation  29  next  datamlaaa  d.  Thle 
Slava  ?  and  \  (a  ^).  and  It  la  than  ea ay  to  evaluate  the  regaining  quantltlea. 
That  la 


-  _  ,  r  rdQ 

&’  ^  aln  8  (1+  Xu* )  oaa*  8  /  -  r_ -_f=  l-— — 

»  -  n<  7"  Vi-  ii*  r  aln  A 
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Those  equations  girt  the  1— glwwry  flow  field  for  a  non-yaw  oone  with  finite  v- 
oonpanont  of  reloolty  earned  by  am  Imaginary  external  fore#.  The  boundary 
conditions  aft  the  earfaeee  of  the  ecne  and  the  ebook  vara  (the  poeltlan  of 
d>1ah  la  the  sane  ae  the  Taylor  ad  Haoooll  solution)  are  suoh  that  upon 
rotation  of  theea  earfaeee  to  oo Isolde  vlth  the  respective  surfaces  of  the 
jawed  oone  In  question,  the  boundary  conditions  of  the  jawed  notion  are 
satisfied. 

The  eolation  to  jawing  eons  notion,  than,  la  ae  follows  (where  the 
aubeorlpt,  r,  denote#  the  field  properties  about  the  jawing  oone): 

Rov  e  ■  0  ♦  €  eoa  4 

than  e  -  e.  ♦  €  eoa  4 

rB  * 

•r  -  «w  ♦  <  a  ooo  0 

Oj,  ■  e  ♦  e*  £  eoa  0  -  e  ♦  €  x  eoa  0  ♦  e’  €  ooe  4 

m  u  ♦  *  *  ooe  0  +  ▼  t  eoa  ^ 

T  ■  T  ♦  *■  ooe  I  »  W  4  €  J  OOO  l  4  V*  f  OOO  4 

v  •  w  4  w*  €  ooo  4  ■  Os**  tin  4  ♦  0 

P 

Py  ■  P  ♦  P*  *  ooe  0  »  P  (1  s  €  ooe  ()  ♦?'  t  ooe  # 
p  -  M  p'(  ooe  0  ■  T  (1  s  t  ooe  ^)  s  ?  ’  €  ooo  4 

T  P 


f ’  •  f 
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and 

P1  =  -  P  u*  (u  +  u") 

T  P 

Notice  that  at  8  =6  +  *  cos  0 

a 

u  =  II  +  e  *  cos  & 
rs  8  0 

v  -  f  y  cos  0  +  v*  6  ooo  i>  a  **  e  2  u  cos  <&  +  e  2u  ooa  ^  =  0  i 
r  s  3  s  r 

3 

vr  =  e  ZQ  sin  <f) 

P  =  P  (1  +  -§■  Ceos  0) 
a  * 

Pr  *  P  (1  +  -§■  €  oos  fj) 

a  p 

These  equations  describe  the  flow  field  about  a  cone  yawed  at  an  angle  of  € 
with  the  free  stream  axis. 

Concluding  Remarks 

The  above  derivation  is  intended  to  elucidate  Stone’s  analysis  by  simplifying 
the  analytical  prooedure  and  describing  the  basic  principles  involved.  The  eiapli- 
fled  analysis  is  necessarily  not  as  rigorous.  For  the  more  rigorous  analysis  and 
the  discussion  on  the  uniqueness  of  the  solution,  the  original  paper  should  be 
consulted. 


'<4£ 
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This  simplified  tension  of  Stone's  analysis  brings  out  the  point  that 
three  systems  of  fluid  flow  sere  analysed  and  related  to  yield  the  solution 
of  the  flow  field  about  a  slightly  yawing  oone.  The  three  systems  are: 

1.  Flow  about  a  non-yaw  eons  with  zero  v-ccnponent  of  Telocity. 

2.  Flew  about  a  non- yaw  oone  with  finite  v- component  of  Telocity. 

3.  Flew  about  a  yawing  oone  with  finite  v-oampanent  of  Telocity. 
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